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ABSTRACT: Even after significant advances in the
structural characterization of quasicrystals—phases whose
diffraction patterns combine the sharp peaks normally
associated with lattice periodicity and rotational symme-
tries antithetical to such periodicity—this new form of
long-range order remains enigmatic. Here, we present
DFT—chemical pressure calculations on the Tsai-type
quasicrystal approximant CaCdg, which reveal how its
icosahedral clusters can be traced to simple CaCus-type
(hP6) intermetallics. The results indicate that the Tsai-
type clusters emerge from an atomic-size-driven trans-
formation from planar arrangements to spherical clusters,
recalling the relationship between graphene and C,.

uasicrystals (QCs) are a new form of condensed matter
exhibiting the seemingly contradictory properties of long-

range atomic order and rotational symmetries incompatible with
the translations of crystalline atomic packing."” The develop-
ment of higher-dimensional approaches to quasiperiodic crystals,
culminating in the structural determination and refinement of the
Tsai-type icosahedral phase YbCds ,,> represents a major advance
in structural science. As the geometrical details of QCs and their
approximants (QCAs) emerge, they inspire still more wonder
that such arrangements arise in materials.”> Understanding and
ultimately harnessing the driving forces that shape their long- and
short-range order could offer avenues to new atomic arrange-
ments and properties enhanced by aperiodicity.*®

The formation of icosahedral QCs has been connected to the
Hume—Rothery rules for intermetallic compounds, in which
valence electron concentration (VEC) and atomic size differ-
ences are key factors influencing the stability of a structure.*®
The importance of VEC is supported by theoretical calculations
that show the frequent presence of pseudogaps in the electronic
density of states at the Fermi energy. This has led to the
productive strategy of pseudogap tuning for the discovery of new
QCs and QCAs.”'® Atomic size requirements, on the other hand,
are difficult to elucidate with theoretical calculations and are
mainly inferred from empirical stability ranges.*'®'! Further
development is needed to determine how electronic and size
factors interact to stabilize icosahedral arrangements in QCs.

Herein, we describe how our recently developed density
functional theory (DFT)—chemical pressure (CP) analysislz’13
reveals a visual, intuitive picture for the formation of icosahedral
clusters in the Tsai family over simple periodic structures. To
begin, it is helpful to view metallic QCs and QCAs in their
broader context: they are a subset of intermetallic phases, a vast
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family of solid-state compounds formed between metallic
elements. Intermetallics exhibit a broad structural diversity,
with some having unit cells that contain thousands of atoms, such
as NaCd, (cF1157)" and Al,Cuq,Tay, (cF23134)."° A
majority of intermetallics, however, crystallize in simple
structures with relatively few atoms per unit cell, such as the
CsCl-type phases (cP2) and the Laves phases (e.g, MgZn,,
hP12). When these structures are surveyed, a striking observation
can be made: complex structures often have compositions similar
to those of simple structures in related binary systems. For
instance, if we begin with the Tsai-type 1:1 approximant CaCdg
(Figure 1a)'®'” and then look to the corresponding region in the

Figure 1. Comparison of the Ca coordination environments in the (a—
b) Tsai-type QCA CaCdy, and (c) the CaCus-type CaZns.

Ca—Zn system, we find the CaCus-type CaZng phase with only
six atoms per unit cell'® Comparing the Ca coordination
environments in CaCdg and CaZn; yields a structural relation-
ship in which pentagonal transition metal (TM) rings are
replaced with hexagonal ones (Figure 1b,c)."”

The driving forces leading to the CaCd4 QCA can be seen in
the electronic structure of the simpler alternative offered by the
CaCug type. To see this, we show in Figure 2 the results of DFT—
CP calculations™® on a hypothetical CaCus-type CaCds phase.
Large negative CP lobes (black) appear on the central Ca atom,
corresponding to a net CP of —559 GPa. The Ca atom contacts
are thus longer than their energetically optimal distances.
However, contraction along these contacts is prevented by
positive CPs (white) within the Cd sublattice. Optimizing the
Ca—Cd and Ca—Ca contacts would mean putting increased
strain on already overly short Cd—Cd distances.
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Figure 2. Local CP relief in the Tsai-type QCA CaCdg. Comparison of
the CP anisotropies around (a) the Ca atoms in the hypothetical CaCd;
and (b) the most strained Ca atom of CaCdg. The size of each lobe is
proportional to the CP magnitude calculated for that direction, while the
color indicates the sign: black for negative and white for positive.

The pressure—distance paradox”" of pressure-induced phase
transitions provides a guide to how the structure might respond
to this: phases under high external pressure tend to adopt higher
coordination numbers. As a consequence, the individual bond
lengths increase despite the high pressure. Similarly, under low
pressure, atoms in a compound will prefer fewer neighboring
atoms but at shorter distances. With the large negative CP on the
Ca atoms, we would expect Ca coordination environments
adapted for a smaller atom: fewer neighbors with shorter
interatomic distances to the central Ca atom.

Earlier, we showed that similar forces were at work in the Ca—
Ag sys.tem.12 There, large negative CPs on the Ca atoms are
relieved through interfaces between CaCus-type slabs to form
the Ca,Ag; structure. The Ca—Cd system exhibits more exotic
structural solutions to the same issues: instead of the expected
CaCus-type phase, several compounds appear near the 1:5 Ca—
Cd ratio,” including the CaCd4 QCA.

The CaCdg structure has been described previously as a bec
packing of Tsai-type clusters, with the clusters themselves are
built from nested polyhedra (Figure 1a). Though the unit cell as a
whole initially bears little resemblance to the CaCus type,
highlighting the local Ca environment (Figure 1b) yields a
pentagonal analog to its familiar hexagonal counterpart in the
CaCug type (Figure 1c). Like tightening a too-loose belt,
pentagons are expected to provide the tighter coordination
needed by the Ca atoms.

DFT—CP analysis of the Tsai-type approximant CaCdg
supports its comparison with the CaCug type. As in the
hypothetical CaCds phase (Figure 2a), the Ca coordination
environments of CaCd, (Figures 2b,c) exhibit tension between
negative CPs along the Ca—Cd contacts and positive CPs along
the Cd—Cd ones. However, the transition from hexagonal to
pentagonal polyhedra changes the balance of this tension. While
in CaCd, the Ca CP surfaces are highly anisotropic and large (net
CP = —559 GPa), the corresponding surfaces in the Tsai-type
QCA are more spherical and smaller (net CPs between —451 and
—418 GPa). This is in accord with the CP—distance paradox;
moving to fewer, but closer Cd neighbors alleviates negative
pressure on the Ca sites.

CaCdg’s use of pentagons provides a way of locally relieving
CP issues but poses a challenge for the long-range atomic
arrangements of the structure. Pentagons are more difficult to tile
than the original hexagons. The solution taken by CaCdy is found
in curvature, as is shown in Figure 3, where the CaCug and CaCd,
structures are dissected layer by layer. The CaCus type is
presented as a stacking of a Cu honeycomb net (Figure 3a), a Ca
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Figure 3. Parallels between the CaCug type and the Tsai-type cluster.
The CaCus type is built from a stacking of hexagonally symmetric nets
(a—d) and then repeating the sequence periodically to give (e) the full
crystal structure. The Tsai-type cluster has corresponding shells based
on pentagons shown in parts f—i but ends with (j) cluster termination as
the Ca coordination environments are completed. For clarity, the
disordered tetrahedron at the center Tsai-type cluster is not shown.

hexagonal net (Figure 3b), and then a Cu kagome net (Figure
3c). These layers stack neatly along the ¢ axis, repeating in a
periodic fashion. When each hexagon is reduced to a pentagon in
the observed CaCd,, planar packing is no longer the simplest
option. Where the CaCuj type exhibits a honeycomb network of
TM atoms, the Tsai type curls its pentagonal “net” into a
dodecahedron (Figure 3f). Much like a graphene sheet could roll
into a Cg4y molecule by reducing some hexagons to pentagons,
here a dodecahedron forms when every hexagon contracts to a
pentagon. Likewise, the hexagonal net of Ca atoms in the CaCug
type becomes an icosahedron in the Tsai cluster (Figure 3g). In
the CaCus type, the stacking of layers continues in the creation of
a periodic structure, while in CaCdg, the corresponding
polyhedra nest concentrically until the Ca coordination environ-
ments are complete.

In Figure 4, we show the CP anisotropies for the full Tsai-type
cluster. Now familiar themes recur: the Ca atoms experience
negative pressures, which are counteracted by positive pressures
between the Cd atoms as in the original CaCus-type structures. A
comparison of the CP anisotropy surfaces throughout this cluster
with those of the hypothetical CaCus-type CaCd; phase (Figure
4f) shows that the CPs of nearly all of the atoms have been
soothed on moving to their corresponding positions in CaCdg.

The CP scheme of CaCdg also offers insight into another
remarkable feature of the Tsai-type clusters that we had set aside
until now: the disordered tetrahedra at their cores.'”** As in
other places in the structure, some of the Cd—Cd contacts
between the central tetrahedron and surrounding dodecahedron
experience positive pressure. This would be minimized when the
Cd atoms of the tetrahedron lie in the pentagonal hollows of the
dodecahedron. However, the symmetry incompatibility**
between the two polyhedra means that when two Cd atoms on
the tetrahedron lie in these hollows, the other two directly align
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Figure 4. CP analysis of the Tsai-type cluster in CaCdg. The entire Tsai-type cluster is shown in part a and then layers are removed to show (b) a Cd
icosidodecahedron, (c) a Ca icosahedron, (d) a Cd dodecahedron, and (e) the central Cd tetrahedron (disordered in the experimental structure). For

reference, the corresponding results for CaCd; are plotted to scale in part f.

with vertices on the dodecahedron (Figure 4d). The resulting
interactions exhibit the largest positive pressures in the structure.
In our DFT optimization, all tetrahedra were forced to have the
same static orientation, allowing systematic strains to build up
over the entire crystal. The experimentally observed disorder in
the orientation of these tetrahedra may serve to diffuse this strain.

In this Communication, we have traced the formation of QCA
CaCdg to the severity of CPs in the simple CaCus type. The Ca
atoms in the hypothetical CaCus-type CaCd; experience strong
negative CPs caused by the size of their hexagonal environments.
Replacing these hexagons with pentagons, as in the Tsai-type
clusters, provides local relief but introduces noncrystallographic
S-fold symmetry. An elegant solution is found in curvature:
whereas the CaCug type is composed of flat sheets of neatly
periodic hexagonal rings, the introduction of pentagons leads to
curved nets and ultimately the spheroidal Tsai-type cluster. The
resulting picture illustrates the ability of DFT—CP analysis to
integrate the size and electronic components of the Hume—
Rothery view of QCs into an intuitive understanding of the
origins of icosahedral order. We look forward to exploring the
implications of this CP scheme for synthesis: elemental
substitutions adjusting atomic sizes should modulate the relative
stabilities of simple periodic (CaCus-type) and icosahedral (Tsai-
type) arrangements, allowing us to probe the boundaries
between these forms of long-range order.
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Computational procedures, and CP analyses of more CaCus-
type phases and of cluster interfaces in CaCdg. This material is
available free of charge via the Internet at http://pubs.acs.org.

B AUTHOR INFORMATION

Corresponding Author

*E-mail: danny@chem.wisc.edu.

Notes

The authors declare no competing financial interest.

B ACKNOWLEDGMENTS

We thank Joshua Engelkemier, Yiming Guo, and Brandon Kilduft
for helpful discussions. We also gratefully acknowledge financial
support from the NSF through Grant DMR-1207409.
Computations contributing to this work were performed on
computer resources supported by NSF Grant CHE-0840494.

B REFERENCES

(1) Shechtman, D.; Blech, I; Gratias, D.; Cahn, J. W. Phys. Rev. Lett.
1984, 53, 1951—-1953.

(2) Steurer, W. Chem. Soc. Rev. 2012, 41, 6719—6729.

(3) Takakura, H.; Gémez, C. P.; Yamamoto, A.; De Boissieu, M.; Tsai,
A. P. Nature Mater. 2007, 6, 58—63.

(4) Dubois, J.-M. Useful quasicrystals; World Scientific: Hackensack,
NJ, 2005.

(5) Goldman, A. L; Kong, T.; Kreyssig, A.; Jesche, A.; Ramazanogly,
M.; Dennis, K. W.; Bud’ko, S. L.; Canfield, P. C. Nature Mater. 2013, 12,
1—4.

(6) Mizutani, U.; Takeuchi, T.; Sato, H. J. Non-Cryst. Solids 2004, 334—
335, 331-33S.

(7) Takeuchi, T.; Mizutani, U. Phys. Rev. B 1995, 52, 9300—9309.

(8) Tsai, A. P. J. Non-Cryst. Solids 2004, 334—335, 317—322.

(9) Lin, Q; Corbett, J. D. Proc. Natl. Acad. Sci. U.S.A. 2006, 103,
13589—13594.

(10) Lin, Q.; Corbett, J. D. Inorg. Chem. 2008, 47, 7651—7659.

(11) Wu, L.-M; Seo, D.-K. J. Am. Chem. Soc. 2004, 4398—4403.

(12) Fredrickson, D. C. J. Am. Chem. Soc. 2012, 134, 5991—5999.

(13) Engelkemier, J.; Berns, V. M.; Fredrickson, D. C. J. Chem. Theory
Comput. 2013, 9, 3170—3180.

(14) Samson, S. Nature 1962, 195, 259—262.

(15) Weber, T.; Dshemuchadse, J.; Kobas, M.; Conrad, M.; Harbrecht,
B.; Steurer, W. Acta Crystallogr., Sect. B 2009, 65, 308—317.

(16) Bruzzone, G. Gazz. Chim. Ital. 1972, 102, 234—242.

(17) Gémez, C. P.; Lidin, S. Phys. Rev. B 2003, 68, 024203.

(18) Haucke, W. Z. Anorg. Allg. Chem. 1940, 244, 17—22.

(19) A similar pentagonal version of the CaCus-type Ca polyhedron
has been been noted in dodecagonal QC approximants. See ref 24.

(20) As detailed in the Supporting Information with additional
references, the DFT—CP calculations were performed on electronic
structure calculations with LDA—DFT using VASP and/or ABINIT.
VASP references: (a) Kresse, G.; Furthmiiller, J. Phys. Rev. B 1996, 54,
11169—11186. (b) Kresse, G.; Furthmiiller, J. Comput. Mater. Sci. 1996,
6, 15-50. (c) ABINIT reference: Gonze, X.; Rignanese, G.-M.;
Verstraete, M.; Beuken, J.-M.; Pouillon, Y.; Caracas, R; Jollet, F.;
Torrent, M.; Zerah, G.; Mikami, M.; Ghosez, P.; Veithen, M,; Raty, J.-Y.;
Olevano, V.; Bruneval, F.; Reining, L.; Godby, R.; Onida, G.; Hamann,
D. R; Allan, D. C. Z. Kristallogr. 2008, 220, 558—562.

(21) Kleber, W. Krist. Tech. 1967, 2, 13—14.

(22) Subramanian, P. R. In Binary Alloy Phase Diagrams, 2nd ed.;
Massalski, T. B., Ed.; ASM International: Materials Park, OH, 1990; Vol.
1, pp 899, 901.

(23) Widom, M.; Mihalkovi¢, M. MRS Online Proc. Libr. 2003, 80S,
LL1.10.

(24) Xiong, D.-B.; Okamoto, N. L.; Inui, H. Inorg. Chem. 2011, S0,
827—835S.

dx.doi.org/10.1021/ic402412k | Inorg. Chem. 2013, 52, 12875—12877


http://pubs.acs.org
mailto:danny@chem.wisc.edu

